





1 Historical view BSA

Mathematicians throughout history have been fascinated by patterns
In nature and numbers. The famous Fibonacci sequence, for example,

appears In everything from seashells to galaxies, revealing a
fundamental order in the universe.




Definition BSA

A sequence Is an ordered list of numbers.

Unlike a set, the order of the numbers In a sequence matters, and the
same number can appear multiple times.

Many sequences follow specific rule or formula that can be used to find
any term In the sequence.
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2 Definition

Each number 1s called “term”.

We often use subscript notation to represent the terms.
Example:

 Firstterm:a; or u,

« Secondterm:a, or u,...

« nPterm:a, or u,...



3 Arithmetic sequence ﬁﬁ.\.

Imagine that you have a box and you will add each time two boxes.

The difference between two consecutive numbersis 2 gy 4 =7
So 2 is called the common difference
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u1 —_ 1

U, =uqy + 2
Uz =u, +2=u +2+2=u;+2X?2

Uy =Uz3+2=u;+2X2+2=u;+3X2
' U3=5
u1+(n—1)><2

ll2=3
ll1=1

U4—7

c
=
|




3 Arithmetic sequence

Generalterm:u, =u; + (n—1) xd
where d iIs the common difference

The general term is used to calculate any term of the
sequence:

Ug=u; +(10—-1) x 2 =19 u; =5
Uig; = Uy + (101 —-1) X 2 = 201




3 Arithmetic sequence BSA

Properties of Arithmetic sequence:
» How to prove that a sequence is arithmetic?

Show that the difference between any two consecutive general terms
IS constant: u, —u,_1; Of Up.q — Uy

» What is the relation between any two terms u, and u, p < q?
ug =up, +(q—p) xXd

> What is the sum of the first nth terms?
Sn =u1+u2+u3+°"+un

ber of t .
Sp = = erzo ~— (first term + nth term) = g(ul + up,)
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If the sequence start by u, and the general term is u,, the number of terms
becomes n+1.

In general, the number of terms from one term to another Is:
The difference between the positions of the two terms + 1
.e. the number of terms from u, toug Is:q —p + 1

From ug to u, Is N-0+1=n+1 terms



3 Applicattonl  ~ 'BSA

You deposit $1 000 in a bank account that earns simple interest at a rate of
5% per year. What will your account balance be after 14 years?

Each year, the amount of money in the bank increased 5% of 1 000$,
so this Is an arithmetic sequence of common difference

d= HSO X 1000 = 50 and first term u, = 1 000

The general termisu, =uy+ (n—0) X d = 1000 + 50n
After 14 years:n =14 ; uy, = 1000+ 50x 14 =1700$



4 Geometric sequence

Imagine that you deposit in the bank $1 000.
Each year you earned 5% of your current balance.

Rank of .

0 up, = 1000

1 u; = 1.05 x 1000 = 1050 u; = 1.05u,

2 u, = 1.05 X 1050 = 1102.5 u, = (1.05)%u,
3 u; = 1.05 x 1102.5 = 1157.625 us = (1.05)3u,
4 u, = 1.05 x 1157.625 = 1215.50625 u, = (1.05)*u,



4 Geometric sequence

General term: u, = ug X r®

Where r is called the common ratio

The general term iIs used to calculate any term of the
sequence:

Ujp = Ug X rt% = 1000 x 1.051% = 1628.8946

Ujg; = Ug X 1% =1000 x 1.051%1 = 138076.3207




4 Geometric sequence BSA

Properties of Geometric sequence:
» How to prove that a sequence is Geometric?

Show that the ratio between any two consecutive general terms is

u u
constant: — =r or =X

Up-1 Un

» What is the relation between any two terms u, and u, p < q?

— I

— qa-p
uq Llp Xr

> What is the sum of the first nth terms?
Sn =u1+u2+u3+°"+un

_ 1_1Juunberoftenns 1—p"
S, = first term( - = Uy ( )
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4 Application 2 B~SA

Consider the sequence (u,) defined

u0=3

by:

u .
Unt1 = 72, (assuming u, # 1)

n

1. Show that (u,) is not geometric nor arithmetic.

Ug = 3
U = Upg 3 . E
171w, 1-3~ 2
_3 23 3
Uj
u2 = 1 = 2 — ?2 = — -
—UuUq 14- E 5
_ 3 _ 9
Uy =l ==775= 77 : . :
s 3 o (U —UyFu;—uy sothesequence is not arithmetic.
A RET
3
m_ 39
Uo 3 2 U4 Uy . -
3 » — # —= 50 the sequence Is not geometric.
W 52 |% W
Uq % J




4 Application 2 EA

O SMART ACADEMY

Consider the sequence (u,) defined

o Uy =3 L T u T up

. . u . 1—-u 1 —-u

YV upes = ., (assumingu, # 1) V41 = Vn = — 1 — —=— 1 = —1 constant
n n n

2. Consider the sequence (v,,) defined by v,, = ui So (vy) is an arithmetic sequence.

n

a. Show that (v,) is an arithmetic sequence. b. Common difference is d=-1

b. Determine its common difference and its first term. _. : 1 1

: Firsttermisvy = — ==
c. Express v, in terms of n. u, 3
d. Deduce uy in terms of n.
e. Calculate S,, = vy + v, + -+ v, C. Vn=v0+nd=1—n

3
1 1 3
d. ul’l e E—




4 Application 3 BSA

u, = 2

. H 5 1
Consider the sequence (uy) defined by: ., = ;un 13

1. Show that (u,) is not geometric nor arithmetic.

u0=2

__W _1 _ : — -
ul—l_u0—2u0+3—4 ; u2—2u1+3 5
ul—u0=4—2=2
uZ_U1:5_4‘:1
E—L}

}ul — Uy # U, — Uy SO the sequence is not arithmetic.

2 ; .
e —L = —2 50 the sequence is not geometric.
_2 _ uO ul

5
U4 4



4 Application 3

Consider the sequence (uy) defined by:

2. Consider the sequence (v,) definedby v, =u, —6.

u, = 2
1

- d.
un+1 — un + 3

2

a. Show that (v,) Is a geometric sequence.
b. Determine its common ratio and its first term.

c. Express v, interms of n.

d. Deduce u, in terms of n.

e. GivenT, =v, +v, +--+v,.Calculate T interms

of n.

1 1
Vn+1 Eun_3 . E(Un_6)

1
= = = 5 constant

So the sequence Is geometric.

. 1
b. Commonratior = >

Firsttermis vy = %uo —3=-1

4 1\ 1
C.Vp =V XTI :—]_X(E) :_2_n

1
Vn+1:un+1_6zzun+3_6:

1
Eun—3

O SMART ACADEMY

1
2n+1



QU erY)

ARITHMETIE  GFEEMETRIC

General form u, =u; + (n—1)d U, = uy X ro-1
u, = Uy + nd U, = Uuy Xr"
— = Un+1
Proof Uy4+1 — U, = d (constant) ntl _ (constant)
un

Sum n B 1-r?
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5 Variations of a sequence BSA

General method:

Calculate Up4+1 — Up (difference between two consecutive general terms)
" U, — Uy > 0: (uy)is increasing strictly

" Upyq — url < 0: (up)is decreasing strictly

" U, — Uy = 0:(uy,)is constant
n+1 1
Example: con3|der the sequence up; = ——uy ; U =7
Suppose thatu, > 0 foralln > 1
. __ h+1 A __ —n+1
Un+1 Up = n Up = Up = n Un

n=1=1—-—n<0and2n >0
u, > 0 (given) sou,,1 — u, < 0then the sequence is decreasing strictly.



6 Mathematical induction FB?A

It Is @ method to prove statements that cannot be demonstrated by a
direct argument. This proving technique can be compared to the process
of making dominoes fail.




6 Mathematical induction BSA

I (k=+)

-
\y Iumnll AN

PROVED!

Step 1: Step 2: Step 3:

Show that the  Assume that the  Prove that it IS
statement Is true statement is true - true for k+1
for the first for some arbitrary

value. Integer k.
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6 Mathematical induction BSA
[ uO == 1

Example: Consider the sequence{ u; = 3 .
\Un+1 = 4uy —3uy4 forn=1
Show that for all n>0 that u,, = 3™

Forn=0: uy =1 = 3°

Suppose that the statement is true for n: u,, = 3"

Un+1 = dUp — 3Up—y

=4x3"-3x3"1

=4 x 3" -3"
=3"(4-1)
= 3" x 3

=31 sou, = 3™ foralln
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